Homotopy classes of plane fields on 3-manifolds have been classified using a 2-dimensional invariant Γ and a 3-dimensional invariant θ by R. Gompf. Under regular covering maps, Γ lifts in the natural way. The lifting property of θ remained unresolved. In this paper, we present the lifting property of θ together with applications to Lens spaces. The applications help in specifying the liftings of the contact structures of the Lens space L(p, 1) when lifted to S 3 .
Introduction
Homotopy classes of 2-plane fields on 3-manifolds have been given a complete classification by R. Gompf in [8] . The importance of this classification came with the rising interest in contact structures on 3-manifolds. A contact structure on a 3-manifold M is a 2-plane distribution ξ on M given locally as ξ = ker α where α is a 1-form satisfying the contact condition α ∧ dα = 0 at all points of M. In other words, α ∧ dα is a volume form and ξ is nowhere integrable on M. For a review of contact structures one can consult [7] The invariants presented in [8] by Gompf consist of a 2-dimensional invariant Γ classifying the plane fields on the 2-skeleton of the 3-manifold and a 3-dimensional invariant Θ (or θ if c 1 (ξ ) is torsion) giving the classification on the rest of the manifold. Gompf gave a detailed study of these two invariants except that one property remained unresolved in his work. This is the lifting property of the 3-dimensional invariant under regular covering maps. The aim of this paper is to fill in this remaining property together with exploring some of its applications.
We will only work with the case when c 1 (ξ ) is torsion. Under this assumption we give the definition of θ(ξ). We will see in the next section that c 1 (X) has a canonical square c 2 1 (X) ∈ Q when c 1 (ξ ) is a torsion element of H 2 (M; Z). It is actually not hard to see also that it is independent of the almost complex manifold (X, J ) because for closed almost compex manifolds we have that c 2 1 (X) = 3σ (X) + 2χ (X). In his paper [8] , R. Gompf showed that θ classifies the homotopy classes of 2-plane fields on the 3-skeleton of M when c 1 We turn now to the 2-dimensional invariant Γ . This is defined as a map Γ (ξ, .) : 
Here σ (π ) is the signature defect of the map π which will be defined in the next section. In Section 3, we review the theory of Stein surfaces and Legendrian surgery which are the main source of examples and applications to our formula. In the last section we show how our formula helps in determining the lifting of contact structures from the Lens space L(p, 1) to S 3 .
Signature defects and the lifting property of θ
Let us consider each term of θ(ξ) = c 
is a well-defined pairing. 2
Being a top dimensional class, c 2 1 (X) lifts in the natural way. Similarly, χ (X) = nχ (X) for n-fold regular coverings. Consequently, determining how θ(ξ) is related to θ(ξ) requires determining how σ (X) is related to σ (X) . In other words, we want to consider the lifting property of the signature under n-fold regular covering maps. Note that if Π :X → X is such a map where X andX are closed oriented 4-manifolds, then we have σ (X) = nσ (X). One way to see this is by using the Hirzebruch signature theorem which gives p 1 (X) = 3σ (X) and p 1 (X) = 3σ (X). Here, p 1 is the first Pontryagin class.
Since p 1 lifts in the natural way then so does σ .
However, this natural lifting property of the signature does not hold in the case when X (andX ) have nonempty boundary. In fact, the Hirzebruch theorem is not valid anymore because p 1 must be zero being an element of H 4 (X; Z) which is the trivial group when ∂ X = ∅. On the other hand, the signature of X is still defined and need not be zero. We still need a lifting property for the signature. Let us define the signature defect for that purpose (see [14] for details).
Definition 2. The difference between nσ (X) and σ (X) denoted by
is called the signature defect of Π .
If ∂X =M and ∂ X = M are connected then π = ∂Π :M → M is a regular covering map between 3-manifolds and we define the signature defect of π to be σ (π ) = σ (Π). It is not hard to see that σ (π ) is well defined. If we have two 4-manifoldsX i (i = 1, 2) with nonempty boundariesM and covering X i with ∂ X i = M then we can attachX 1 and −X 2 along their boundary. Here −X 2 isX 2 with reversed orientation. This gives a closed 4-manifoldZ =X 1 ∪X 2 covering
Here also one can see that σ (π ) is well defined.
On the other hand, starting with a regular covering map π :M → M of 3-manifolds, it is always possible to find 4-manifolds X andX such that ∂ X = M and ∂X = nM for some n (where nM is the disjoint union of n copies ofM) such that the action of π extends to a regular covering map Π :X → X of 4-manifolds. This is expressed in fancy language by saying that the 3-dimensional bordism over a finite group is torsion [3] . Notice that if we use the definition of the signature defect in the statement of Theorem 1, it looks like our theorem becomes self evident. However, the only way to benefit from this theorem is to find techniques for computing σ (π ) in order to use it in the formula θ(ξ) = nθ + 3σ (π ).
To do this, we extend our definition of σ (π ) in the following way: we start with a regular covering map of 3-manifolds π :M → M and extend this action to a branched covering map of 4-manifolds Π :X → X . This construction has been done implicitly in [10] . If the branching set is empty then we are back to the previous construction. Otherwise, we need to use the equivariant version of the signature theorem due to Atiyah and Singer [1] (see also [13] and [10] ) in order to find the signature defect. For the purpose of our application, we need to use the following particular case of the G-signature theorem.
Namely, we start with the map Π :X → X as an n-fold branched covering map of 4-manifolds where the branching set is a surface S satisfying S ∩ ∂ X = ∅. Then π = Π| ∂X :M → M is a regular covering map whereM = ∂X and M = ∂ X and by the G-signature theorem we have:
where the action of each nontrivial element of Z n on the tangent space of X is a rotation of each normal plane to S through the angle γ k . Consequently, this particular case of Theorem 1 takes the form: 
Theorem 2. Let Π :X → X be an n-fold branched covering map of almost complex 4-manifolds where the branching set is a surface S satisfying S
Using the G-signature theorem we can compute the signature defect of the universal covering π :
to use in our application in the last section. To do this, we represent L(p, 1) as the boundary of X which is the disk bundle over S 2 with Euler class −p. When we take the p-fold branch covering with branching set S 2 we reachX which is the disk bundle over S 2 with Euler class −1 (see Fig. 1 ). Now ∂X = S 3 and the restriction of the covering map is nothing but the
. So if we apply the above theorem we obtain that
The last identity is well known and can be found in [11] , p. 19.
Stein domains and Legendrian surgery
Our application is concerned with holomorphically fillable (or Stein fillable) contact structures so we need to give an introduction about it. A Stein surface is an affine complex variety of complex dimension two. It follows from the maximum modulus theorem for holomorphic functions that a Stein manifolds is necessarily not closed. Hence a compact Stein manifold must have a nonempty boundary and in this case we call it a Stein domain. Eliashberg [5] gave a complete topological characterization of Stein domains in terms of their handlebody decompositions. He showed that the boundary of a Stein domain is naturally endowed with a tight contact structure. The way to build a Stein domain according to Eliashberg is to start with the 4-dimensional ball with its contact boundary S 3 and add 1-handles and 2-handles to it in a very specific manner. There are no conditions on adding the 1-handles. However, the two handles need to be added on Legendrian links and with a specific framing. On the level of the 3-manifold bounding the Stein domain, this gives rise to Legendrian surgery. Let us introduce Legendrian links and surgery for that purpose.
A link L in a contact (oriented) 3-manifold (M, ξ) is said to be a Legendrian link if all the vectors tangent to L lie in ξ .
We are going to define a canonical framing coefficient for each null-homologous component of a Legendrian link. To do this, notice that we can specify a framing on any oriented knot K by choosing a single nowhere-zero vector field υ transverse to K . The normal orientation on K induced by M and the orientation of K determines a unique way (up to isotopy) to extend υ to a correctly oriented basis for each normal fibre.
Definition 3.
The framing coefficient for a null-homologous framed knot (K , υ) in an oriented 3-manifold M is the integer given by the linking number lk(K , K υ ) where K υ is a parallel copy of K determined by υ and the orientations of K and K υ are chosen to be parallel.
Notice that, since the orientations of K and K υ are parallel, the framing coefficient is independent of the orientation of K . Also, notice that we need K to be null-homologous in order to define the linking number. For then K is the boundary of a "Seifert surface" Σ which may be oriented coherently with K and the linking number lk(K , K υ ) is defined to be the intersection number of K υ and Σ . This depends on Σ only through its homology class (see [9] ).
When an oriented link L in a contact 3-manifold is Legendrian we have a canonical framing coefficient for each compo- 
The following is a particular case of a theorem of Eliashberg [5] :
Theorem 3. A 3-manifold obtained by Legendrian surgery on a Legendrian link in S 3 is holomorphically fillable.
In fact, Eliashberg showed that a 4-manifold obtained by attaching 2-handles to B 4 along Legendrian links in S 3 with framing tb −1 is Stein. Since the boundary of this 4-manifold is the 3-manifold obtained from S 3 by Legendrian surgery with surgery coefficients tb −1, the result follows. Also, since a holomorphically fillable 3-manifold admits a natural tight contact structure we obtain an important source of tight contact 3-manifolds by applying this theorem to Legendrian links in S 3 .
In order to apply this theorem we need to be able to compute tb(K ) for each Legendrian knot K in S 3 . First, we delete one point from S 3 and identify it with R 3 . Both R 3 and S 3 were shown to have a unique tight contact structure up to isotopy [2, 6] . Consequently, we only need to treat Legendrian knots in R 3 with its standard contact structure α 0 = dz + x dy.
To do this we project ξ into the yz-plane in such a way that the plane ξ (x,y,z) at (x, y, z) projects to a line at (y, z (−x) of the curve in the yz-plane and using the same y and z coordinates. Consequently, one obtains a bijection between Legendrian knots in R 3 and their front projections to the yz-plane which are closed curves in R 2 that may have cusps and transverse self-crossings but no vertical tangencies (see Fig. 2 ). Note that at the self-crossings, the curve of most negative slope crosses in front. However, we continue drawing overcrossings to avoid confusion, although it is not actually necessary. For example, when we draw overcrossings in Fig. 2 we obtain Fig. 3 .
Using this representation, it is easy to see [8] Another fundamental invariant of a nullhomologous Legendrian knot K in a contact manifold (M, ξ) is its rotation number r(K ). It is given by the degree of a tangent vector to K measured in a trivialization of ξ | K . When K is a Legendrian knot in S 3 presented by its front projection, the rotation number r(K ) of K is given by r(K ) =
, where t − is the number of downward cusps and t + is the number of upward cusps (see [8] ).
We next give a detailed example on how to compute θ when X is a Stein surface obtained by attaching a 2-handle to the 4-dimensional ball along a Legendrian knot. (Similar work is done in [4] and [8] .)
Example. Let X be the Stein surface obtained by attaching a 2-handle along a Legendrian knot K with framing f = tb(K )−1. 
where all the coefficients are in Z. Note that since X is simply connected, the first homology group is trivial as well as
(for details see [9] ).
As for the computation of Γ we quote the following theorem from [8] : 
where L is the characteristic sublink associated with s (see [8] or [9] ), and Σ i is the closed surface obtained by pushing a seifert surface of K i into int(D 4 ) and attaching the core of the 2-handle to it.
We use this theorem in the next section in order to specify the lifts of the contact structures from L(p, 1) to S 3 .
Application: Lifting the contact structures on Lens spaces
Let us now consider the Lens space L(p, 1). By a result of K. Honda [12] , L(p, 1) has exactly |−p + 1| distinct tight contact structures all of which are holomorphically fillable. The next thing we want to do is to compute the invariants Γ and θ for ξ k . The aim then will be to find the invariants ofξ k on S 3 . We start by specifying the 2-dimensional invariant of ξ k on L(p, 1) induced by the Stein structure. Recall that
is expressed as a map on spin structures. L(p, 1) admits a unique spin structure when p is odd, and two spin structures when p is even. We represent these spin structures in terms of characteristic sublinks. Case 1. p is odd. In this case, there is a unique spin structure s 0 on L(p, 1) represented by the unknot with framing −p. 
•
. Since Γ pulls back in the natural way we see that π * Γ = 0 on all ξ k . Hence, in order to distinguish the pull-backs of ξ k to S 3 , we need to find π * θ(ξ k ). 
Let a be the least integer such that a(2k) is a multiple of p, say α p. in order to compare our work with [4] :
which is in Z + 1 2 . Recall that (see [4] ) S 3 has a unique tight contact structure ξ with d 3 (ξ ) = − 
